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1.1 outline

1. Pressure-jump Hamiltonian o.d.e.’s, and tangent map,

1.1.1 Pressure jump Hamiltonian

2. The pressure-jump Hamiltonian is derived from the force-balance condition at the ideal interfaces. Let p1 and B1 be the

pressure and field immediately inside the interface, and p1 and B1 be the pressure and field immediately outside, then the

force balance condition requires that

H ≡ 2 δp = 2(p1 − p2) = B2

2
− B2

1
(1)

For Beltrami fields, which satisfy ∇ × B = µB, the magnitude of the field, B, on the interface (where we assume that

Bs = 0) may be written

B2 =
gφφfθfθ − 2gθφfθfφ + gθθfφfφ

gθθgφφ − gθφgθφ

(2)

where f is a surface potential and gθθ, gθφ and gφφ are metric elements local to the interface.

3. Assuming that the field B1 is known on the ‘inside’ of the interface, ie. B1θ = fθ, B1φ = fφ and f is known, it is required

to determine the tangential field, pθ = Bθ and pφ = Bφ, on the ‘outside’ of the interface.

4. The o.d.e.’s are given by Hamilton’s equations
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, (3)

where the ‘dot’ denotes derivative with respect to ‘time’.

5. This is reduced to a 11

2
dimensional system by using φ as the time-like integration parameter, and replacing the equation

for ṗφ with

pφ = P (θ, pθ, φ; δp) =
−b ±

√
b2 − 4ac

2a
(4)

where a = gθθ, b = −2gθφpθ and c = gφφp2

θ − b1 − 2 δpG (see below for definition of b1 and G).

6. The o.d.e.’s that then need to be followed are (see below for definition of A and b2)

dθ

dφ
=

gφφpθ − gθφpφ

−gθφpθ + gθθpφ

, (5)

dpθ

dφ
=

gφφ,θ(f
2

θ − p2

θ) − 2gθφ,θ(fθfφ − pθpφ) + gθθ,θ(f
2

φ − p2

φ) + A + (b2 − b1)G,θ/G

−2gθφpθ + gθθ2pφ

. (6)

7. Note that dθ/dφ = Bθ/Bφ; there is a fundamental relation between the pressure-jump Hamiltonian and the field-line

Hamiltonian. (Furthermore, in many cases the surface will be given in straight field line coordinates, so dθ/dφ = const..)

8. The conserved ‘energy’ δp is given by the jump in pressure across the interface.
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9. Some description of the internal notation follows :

G = gθθgφφ − gθφgθφ, (7)

A = gφφ2fθfθθ − 2gθφ(fθθfφ + fθfφθ) + gθθ2fφfφθ, (8)

b1 = gφφf2

θ − 2gθφfθfφ + gθθf
2

φ, (9)

b2 = gφφp2

θ − 2gθφpθpφ + gθθp
2

φ, (10)

ph00aa.h last modified on 2012-12-18 ;

2


